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We prove the existence of two edge-disjoint multicolored spanning trees in any
edge-coloring of a complete graph by perfect matchings; we conjecture that a full
partition into multicolored spanning trees is always possible.  1996 Academic
Press, Inc.
Suppose that the edges of the complete K2p are colored with 2p&1
colors in such a way that the edges of any single color form a perfect
matching. Call such a coloring, a coloring by matchings (this is also referred
to in the literature as a one-factorization of K2p ; see, for example, [4]). We
shall call a subgraph of K2p multicolored if no two of its edges are of the
same color.
Observe that with any coloring by matchings, K2p contains a multi-
colored spanning tree: namely, the star K1, 2p&1 at any vertex. Indeed, K2p
has p(2p&1) edges and can be partitioned into 2p&1 multicolored trees
K1, 2p&1 , ..., K1, 2 , K1,1 . As is well known, K2p can be partitioned into p
spanning trees. This leads us to make the following conjecture.
Conjecture 1. If K2p is colored by matchings, then K2p can be parti-
tioned into multicolored spanning trees.
In Fig. 1 we give examples of such partitions for p=4. Using the nota-
tion of [4], we give the six inequivalent colorings by matchings (one-
factorizations) of K8 . In each matrix, the rows show the edges of the perfect
matchings (colors), and the columns show the edges of the (multicolored)
spanning trees.
Notice that if there is a partition into multicolored spanning trees, none
of the trees can be a star at a vertex. However, if p>2, we can modify a
star to find a multicolored spanning tree which does not preclude a parti-
tion, in the following way:
Begin with the star at any vertex; call the star S and its center b. For
i=1, 2, let ei be the edge of color i, and let vi be the terminal vertex at the
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Fig. 1. Partitions of K8 into multicolored trees.
end of ei . Remove e1 and e2 from S to obtain S$. This leaves v1 and v2 as
isolated vertices. In K2p , v1 is incident to an edge of color 2call it f2 and
v2 is incident to an edge of color 1call it f1 . Notice that f1 is incident
neither to b nor to v1 , and likewise f2 is incident neither to b nor to v2 .
Therefore T=S$ _ f1 _ f2 is a multicolored spanning tree.
In the next theorem we show that there are two edge-disjoint multi-
colored spanning trees. As in [1] we make use of Rado’s theorem [3, 2]:
Let M be a matroid on a finite set E with rank function \ and let
(A1 , A2 , ..., Am) be a family of subsets of E. Then there exists an inde-
pendent set F=[e1 , ..., em] such that ei # Ai for each i=1, 2, ..., m if and
only if
\ \.i # I Ai+|I | (0{I[1, ..., m]).
If G is a graph with n vertices and edge set E and M is the polygon matroid
of G, then the rank function is given by
\(X)=n&t (XE ),
where t is the number of connected components of the spanning subgraph
of G with edge set X.
Theorem 1. If K2p ( p>2) is colored by matchings, then there exist two
edge-disjoint multicolored spanning trees.
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Proof. Let T be the multicolored spanning tree as described above, and
let G=K2p"T. Let M1 , M2 , ..., M2p&1 be the matchings in the coloring; for
each i=1, 2, ..., 2p&1, let Mi$=Mi"T.
By Rado’s theorem, it suffices to show that in the polygon matroid of G,
the rank of UI = i # I Mi$ is at least k for each k=1, 2, ..., 2p&1 and each
I[1, 2, ..., 2p&1] with |I |=k. Fix k and I, and let t be the number of
connected components of GI , the spanning subgraph of G with edge set UI .
Our objective is to show that 2p&tk. For k=1 this is clear, so we
assume that 2k2p&1. Now assume to the contrary that t2p&k+1.
Note that each connected component of GI which contains a pendant
vertex of T has a vertex of degree at least k&1, and thus has a total of at
least k vertices. We use this fact together with the structure of the tree T
to arrive at a contradiction. By construction, T must have one of the two
forms shown in Fig. 2.
Claim. Every connected component of GI which contains at least two
vertices must contain a pendant vertex of T.
In the form in Fig. 2a, T contains only two nonpendant vertices; since
the edge between them is in T, it cannot be that a connected component
of GI contains only that edge. In the form in Fig. 2b, T contains three non-
pendant vertices. Two of these, w1 and w2 , are not adjacent in T. However,
it could not happen that a connected component of GI contained only the
edge between w1 and w2. For, since |I |>2, UI contains the edges of at least
two colorslet us say, color 1 and color 2. If the edge between w1 and w2
is of color 1, one of w1 or w2 is incident to an edge of color 2 which is not
in T, and so in GI is connected to a third vertex.
Now, observe that as a consequence of the structure of T, at most one
connected component of GI can consist of an isolated vertex: for a vertex
v to be isolated in GI , the colors of the matchings in I must be colors of
edges which are incident to v in T. But then every other vertex is incident
in G to an edge of at least one of those colors and, hence, is not isolated
in GI .
Fig. 2. Possibilities for modified star T.
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We now have three possibilities to consider:
Case 1. No connected component of GI consists of an isolated vertex.
By the claim every connected component of GI contains at least k vertices;
hence (2p&k+1)k2p. Now, (2p&k+1)k is minimized when k=2 or
k=2p&1: when k=2, (2p&k+1)k=2(2p&1), and when k=2p&1,
(2p&k+1)k=2(2p&1). So we have 2(2p&1)2p, which implies that
p1, a contradiction.
Case 2. The isolated-vertex component consists of the vertex b (as
marked in Fig. 2). Since b has degree 2p&3 in T we have k2p&3. We
can divide the vertices into three classes:
v vertex b, which has degree 0 in GI ;
v vertices which are joined to b in T by an edge of a color in I (these
vertices have degree k&1 in GI , and there are k such vertices);
v all other vertices, which must have degree k in GI .
Any connected component which contains a vertex of the third type must
contain at least k+1 vertices. Any connected component which contains
only vertices of the second type will contain only k vertices; however, those
k vertices must be exactly the k vertices of the second type. So, we see that
the number of vertices must be at least
1+k+(k+1)(2p&k&1).
Hence we have 1+k+(k+1)(2p&k&1)2p, which implies that
2p&1k, a contradiction.
Case 3. The isolated-vertex component is a vertex other than b. We
must have k=2 or k=3, since only b has degree greater than 3 in T.
If k=2, by assumption we have at least 2p&1 components, and by the
claim all but one of these contain at least two vertices. Hence
1+2(2p&2)2p, which implies that p 32 , a contradiction.
If k=3, by a parallel argument we arrive at p2, a contradiction.
Thus we must have t2p&k, i.e., 2p&tk, as desired. K
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